We investigate the special case of quintic interactions for massless higher spin gauge fields using the string-theoretic vertex operator construction for higher spin gauge fields in Vasiliev's frame-like formalism. We compute explicitly the related 5-point interaction vertex in the low energy limit of string theory and find that: the structure of the quintic s 1 − s 2 − s 3 − s 4 − s 5 higher spin interaction gets drastically simplified and localized if a) the spin values satisfy the constraint s 1 + s 2 + s 3 = s 4 + s 5 + 2 (and, more generally, if the sum of three spin values roughly equals the sum of the remaining two b) One of the spin values, s 4 or s 5 is sufficiently small. In this paper, the explicit computation is done for the case s 4 = 4
Introduction
Interacting higher-spin gauge fields are known to be the crucial ingredient of AdS/CFT and holography in general and, at the same time, difficult and fascinating objects to work with. Despite the fact that the higher spin theories in AdS spaces can circumvent the restrictions imposed by the Coleman-Mandula's theorem, describing the gauge-invariant higher-spin interactions is a highly nontrivial problem since the gauge symmetry in these theories must be sufficiently powerful in order to eliminate unphysical degrees of freedom [1] , [2] , [3] , [4] , [5] , [6] , [7] , [8] , [9] , [10] , [11] , [12] , [13] , [14] , [15] , [16] , [17] , [18] , [19] , [20] , [21] , [22] , [10] , [23] , [24] , [25] , [26] , [27] , [28] , [29] , [30] , [31] , [32] , [33] , [34] , [30] , [32] , [27] , [35] , [36] , [37] , [38] , [39] , [40] , [41] , [42] , [43] The restrictions imposed by such a gauge symmetry make understanding the interactions in higher-spin theories a distinctively complicated problem. While there was some progress in classification of the higher-spin 3-vertices and cubic interactions over recent years, our understandingof the higher-order interactions is still largely incomplete even at the quartic level (with the quartic interactions presumably related to conformal blocks in the dual CFT's). Apart from that, at this point we know very little, if anything about higher spin theories beyond the quartic order, e.g. about quintic and higher order interactions. One general property expected from the interacting higher spin theories, is that they have to be essentially nonlocal. Such a nonlocality is a natural compromise in order to evade the restrictions imposed by Coleman-Mandula's theorem in flat space-time; however, it also appears to persist in curved background geometries such as AdS where , at least formally, the Coleman-Mandula's restrictions can be circumvented. In fact, this nonlocality property can be seen in a very natural way in string theory, where one interprets the higher-spin fields as space-time wavefunctions for the certain class of vertex operators and the higher spin interactions in terms of the worldsheet correlators of these operators.
Indeed, string theory appears to be a natural framework to describe higher spin dynamics, as the frame-like description of the higher spin modes in Vasiliev's formalism has a very natural vertex operator interpretation [44] . The vertex operators describing higher spin modes have, however, the ghost structure which is very different from that of operators for the lower spin modes, such as a photon [44] , [45] First of all, these operators couple nontrivially to the β − γ system of superconformal ghosts. These couplings are classified by the minimum superconformal ghost pictures carried by the operators. That is, the vertex operators of spin s are the elements of ghost cohomologies H −s ∼ H s−2 (s > 2) implying that they are annihilated by direct picture changing transformation at negative picture −s and by inverse picture changing transformation at dual positive picture s − 2.
Moreover, these operators also have an anomalous b − c ghost number couplings, which is closely related to the nonlocalities in the resulting interactions. Namely, the standard b − c pictures for lower spin vertices, such as a photon, involve either integrated form at ghost number 0, or unintegrated form at ghost number 1. Combined with b − c ghost number anomaly cancellation condition, this requires 3 unintegrated operators and N − 3 integrated,leading, for example, to the standard form of Veneziano amplitude, defining local quartic interaction terms in the low-energy effective action. The ghost structure of the higher-spin operators is different. Since these operators violate picture equivalence and have no picture 0 representation, one needs operators both at positive and negative superconformal ghost pictures to ensure the correct superconformal ghost number balance in correlators. The higher spin vertex operators at positive pictures, however, only exist in the integrated form, given by the integrals of three types of terms. That is, for spin s operators these types carry the ghost structures e (s−2)φ , ce (s−3)φ+χ and ∂cce
respectively (where φ and χ are the bosonized superconformal ghosts). Typically, it is the first and the second types of terms that contribute to higher spin correlators. The second type, while being integrated operators, also carry the b − c ghost number one. This leads to the possibility of the b − c ghost number balance being saturated while having an extra integration in the correlator (compared to the correlators of vertices for lower spins). This extra integration leads to appearance of additional singularities in the resulting scattering amplitude. Unlike the poles of lower spin amplitudes (such as Veneziano amplitude), corresponding to particle exchanges, the extra singularities reflect the nonlocalities in the related interaction terms for higher spin modes in the low-energy effective action. Typically, the combination of superconformal and b − c ghost number balance constraints dictates that the type 2 operators always contribute to the higher spin amplitudes, leading to nonlocalities in space-time (e.g. considered in [46] ). However, as we point out in this work, there exists a class of amplitudes contributed by the first type operators only. These amplitudes are in turn related to the appearance of local gauge-invariant interactions for higher spins in the low-energy effective action. We find that the higher spin interaction vertices of this type:
1) only appear at higher orders of interaction, starting from the quintic order. The interactions of this type are absent at lower orders, such as the quartic order.
2) only may appear if the spin values satisfy the localization constraint,that is, for the order N higher spin interaction the sum of 3 spins must be roughly equal to the sum of the remaining N − 3, i.e.
where α is of the order of 1 (in the concrete example of the quintic interaction, considered in this work, α = 2). The rest of this paper is organized as follows. In the next section, we review the vertex operator formalism for frame-like higher spin gauge fields of arbitrary spin values and perform a general analysis of derivative structure of higher spin interaction, related to the correlators of these operators. In the Section 3, we calculate the particular example of the 5-point amplitude , satisfying the constraint (1), leading to the localization effect in the quintics. The structure of the amplitude and of the interaction particularly simplifies if one of the spins, s 4 or s 5 has a relatively small value, up to 6 (in this work we consider the case s 4 = 4, with all other spin values arbitrary, up to localization constraint (1)). In the calculation, we particularly use the OPE formalism for the Bell polynomial operators , developed in the previous work [47] In the concluding section, we discuss the physical implications of the calculation done in this work and its possible generalizations.
Frame-like Fields and Vertex Operators:

Review of the Formalism and Preliminary Derivative Analysis
In the frame-like formalism a symmetric higher spin field of spin s is described by the set of of s two-row gauge fields
the higher spin extension of Cartan's 1-form by generators of infinite-dimensional higher spin algebra:
where T a , T a 1 a 2 are the space-time isometry generators, e and ω are the vielbeins and spin connections for s = 2 and T a 1 ...a s−1 |b 1 ...b t are the generators of the higher-spin algebra that envelops the space-time isometry algebra. In this formalism, only t = 0 fields are genuinely dynamical and are related to Fronsdal's metric-type higher spin fields upon symmetrization. The fields with t = 0 are the extra fields, related to the Fronsdal's field Ω s−1|0 by generalized zero torsion constraints according to
In curved backgrounds, such as AdS, the frame-like approach to higher spin dynamics is remarkably efficient. At the same time, string theory is known to be a particularly natural framework to describe the interactions of higher spin fields in terms of the worldsheet correlators of the vertex operators. In particular, the bosonic string spectrum in the tensionless limit contains vertex operators that can be interpreted as sourses for Fronsdal's higher spin modes, although the correlators calculated in this limit are somewhat difficult to interpret in terms of higher spin interactions in the field-theoretic low-energy limit of string theory [2] , [3] , [4] , [5] , [30] , [31] . Apart from the tensionless limit, the vertex operators describing massless higher spin modes can be constructed in RNS superstring theory. These operators are the elements of nonzero ghost cohomologies H −s ∼ H s−2 , existing either at minimal negative picture s and below, or dual minimum positive picture s − 2 and above.
These operators describe massless fields of spin s ≥ 3 in the f rame − like formalism (except for s = 3 where the corresponding higher spin mode is actually a Fronsdal's field).
BRST invariance constraints on these operators entail the on-shell constraints on the higher spin fields (such as Pauli-Fierz constraints) while BRST nontriviality conditions entail the gauge and diffeomorphism transformations. As these transformations shift the vertex operators by BRST-exact terms, the resulting correlation functions are gauge-invariant by construction. For s = 3,the manifest expressions for the vertex operators in RNS superstring theory are rather simple and are given by [48] , [44] , [45] 
at unintegrated minimal negative ghost picture −3 and
at minimal positive picture +1 which is always integrated. Here X m are the target space coordinates, ψ m are the RNS fermions and K is the homotopy transform , necessary to ensure the BRST invariance of the positive picture operator (5) . (see [48] , [44] , [45] for the detailed description of the transform).
The operators (4), (5) are thus the elements of H −3 • H 1 .
The manifest expressions for the vertex operators V s−1|t for the frame-like fields with s > 3 become far more complicated, however, a significant simplification occurs for the case t = s − 3. In this case, the explicit expressions for the vertex operators are given by
at the minimal negative unintegrated picture and
at the minimal positive picture representation with the result of the homotopy Ktransformation given explicitly by
where
with A 0 , A 1 and A 2 terms having the ghost structure described above, namely, e (s−2)φ , ce (s−3)φ+χ and ∂cce (s−4)φ+2χ respectively and the integrals being taken around an arbitrary point u on the worldsheet. The choice of u is arbitrary as any correlators involv-
s−1|s−3 (p; u)-operators are u-independent since their u-derivatives are BRST-exact in the small Hilbert space; the operators themselves can be cast as BRST commutators in the large Hilbert space (but not in the small Hilbert space) and therefore are the elements of BRST cohomology in the small Hilbert space ,given the on-shell conditions on Ω and modulo the gauge transformations [48] , [45] . The B (n) mφ+nχ+pσ are the normalized degree n Bell polynomials in the bosonized superconformal ghost fields φ, χ and σ, defined according to
where m, n, p are some numbers. The properties and the operator algebras involving the Bell polynomial operators have been studied in details in [47] and will be used in the present calculation. Although the negative and positive picture representations of the higher spin vertex operators V (±) s−1|s−3 (p; u) are not directly related by picture-changing transformations (as is clear from the fact that they belong to the nonzero negative/positive cohomologies), they can be mapped to each other by combining BRST-invariant picturechanging and Z-transformations which ensures that the on-shell BRST-invariance constraints on Ω are identical in the both of the representations [44] , [45] . Technically, it is easier to analyze these constraints at negative pictures, with the BRST invariance imposing the on-shell conditions:
The first and the second constraints are the standard constraints for the symmetric higherspin fields in the frame-like description. They are supplemented by two more constraints, indicating that the vertex operators (6), (7) describe the frame-like fields in space-time with the gauge partially fixed. The gauge transformations for Ω:
in turn shift the operators (6), (7) by the BRST-exact term (see [44] , [45] for the detailed BRST analysis). It is essential that the β-function equations for the Ω-field, in the leading order, defining the kinetic term for the corresponding Fronsdal's field and obtained using the of f −shell Weyl invariance constraints on the operators (6), (7) differ from the on-shell
BRST-invariance constraints due to nontrivial ghost couplings of the higher spin vertex operators. Namely, the leading order β Ω = 0 equations are equivalent toL AdS Ω = 0 wherê L AdS is the Fronsdal's kinetic operator in the AdS , rather than flat space, as was shown by detailed computations in [45] . In particular, the appearance of the mass-like term in (11))
Here W are the conformal dimension 0 vertex operators which, upon coupling to the space-time higher spin frame-like fields Ω s−1|t , become the elements of H −s . Γ is the picture-changing operator for the β − γ ghost system given by
The relation (13) can be generalized according to
where Γ k =: Γ....Γ :=: e kφ G∂G...∂ k−1 G : is the normally ordered product of k picturechanging operators and G is the full matter+ghost worldsheet supercurrent. In particular, to obtain the operator for the Fronsdal's field one can take k = s − 3 and t = 0. 
with Ω s−1|t W s−1|t -operators having canonical ghost pictures 2s − 5 − t, in particular the operator for the Fronsdal's field having canonical positive picture 2s − 5. Here : Γ −k :=:
(Γ −1 ) k : with Γ −1 = −4ce χ−2φ ∂χ being the inverse picture-changing operator.
In practice, the equations (15), (16) generating the generalized zero torsion constraints by the picture-changing relations, are hard to solve. For example, the solution for the simplest of the equations (15) for t = s − 4 is already complicated enough, with the vertex operator having the form
at canonical −s − 1-picture where the α p|q -coefficients must be calculated so as to ensure that V s−1|s−4 (p; z) is primary (i.e. the singularities of cubic and higher orders stemming from the OPE of the stress-tensor with the ψ-part must be cancelled by those stemming from the operator product with the Bell polynomials in the derivatives of the φ-ghost field).
Note that the leading order of the operator products of all the Bell polynomials B
−φ with e φ is the simple pole for any N , which ensures that the picture-changing transformation of (17) does not produce any terms other than those proportional to V s−1|s−3 , as well as the absence of singularities in the OPE of Γ and V s−1|s−4 (p; z). It is now not hard to see that the expressions for operators with t ≤ s − 5 will get more and more tedious for the lower t values; their general structure would involve sums over multiple products of ∂ p ψ∂ q ψ-factors multiplied by products of s − 3 − t Bell polynomials of the ghost fields, making them cumbersome objects to work with.
Thus the V s−1|s−3 -operators appear to be particularly convenient and natural objects to use in order to describe the higher-spin vertices in space-time. However, there are restrictions on the spin values for the vertices that can be described by the correlators with all the operators being of the V s−1|s−3 -only. That is, for a n = p + q-point higher spin amplitude containing p V s−1|s−3 -operators at positive cohomologies and q operators at negative cohomologies the spin values must satisfy
in order to satisfy the superconformal ghost balance constraint. The amplitudes with spin values not satisfying (18) cannot be described by using solely the operators of this type and require finding explicit solutions of the operator equations (15), (16) 
In the amplitude of this type, two operators are integrated at positive picture, and three operators are unintegrated at negative pictures. Using the zero torsion relations (15), (16) we get
i.e. the amplitude involving five V s−1|s−3 higher spin operators is identical to the one involving five Fronsdal operators at pictures each lowered by one unit with respect to the canonical.
As it is clear from the above discussion, the overall b − c and superconformal ghost structures of the n = p+q-point higher spin amplitudes, combined with the ghost structure of the picture-changing operators (14) Veneziano pole structure, leading to local interaction terms in the low-energy effective action (with the poles in the amplitudes corresponding to different channels of particle exchanges). These poles do not produce any physical nonlocalities (the nonlocalities that one may encounter upon the space-time momentum integration and expressing the lowenergy effective action in the position space, are not physical and can be removed by substituting the β-function equations at lower orders [46] (strictly speaking, the locality of the amplitude does not by itself guarantee the locality of the related higher spin interaction vertex in the low-energy effective action; for the case, considered in this paper see, however, the discussion below in the section 4)
The amplitudes of the second type, on the other hand, have the structure p = n − 2, q = 2.They involve two unintegrated operators contributing two c-ghosts, with the third c-ghost stemming from the A 1 -type terms of one of the integrated operators and the remaining operators contributing A 0 -type terms. These amplitudes have the structure very different from those of the first type. Due to the extra integration, they contain extra poles, corresponding to physical nonlocalities, rather than particle exchanges. Unlike the Veneziano-type case, the nonlocalities in the position space , obtained upon the Fourier transform, cannot be removed using the β-function flows, but reflect genuine nonlocalities of the higher spin interactions.
In fact, generically most of the higher spin amplitudes are of the second type, with the first type emerging only for the special combination of the spin values. We will refer to the appearance of the first type higher spin amplitudes as the "localization". In fact, as we shall point out below, such a localization effect does not occur at the quartic order but only appears at quintic and higher order interactions. In the next section, we will study this effect by direct computation of the correlation functions.
Quintic Interactions and Localization
We start with the 4-point higher spin amplitude with the spin values satisfying constraint (18) to the correlator. We are now all set to compute, step by step, the X,ghost and ψ-factors of the correlator defining the quintic interaction of the above spin values. We start with the calculation of the X-part. The correlation function is given by
where we have arranged the operator's insertions in the order (z 1 = w) > (z 2 = 1) > z > ξ > (z 3 = 0), with z 1,2,3 being the locations of the spin s 1,2,3 unintegrated vertices, z and ξ are the insertion points of the remaining spins (to be integrated over). We shall later set z 3 ≡ w → ∞ but for now shall the w-dependence manifest to keep track of the infinities. To compute the correlator (20) , define the partitions
where R ij is the number of contractions between ∂X's of the operators of spins s i and s j (obviously R ij = R ji ) and Q ij counts the contractions of X-derivatives of the operators for s i with the exponent e ipX in the operator for spin s j . Straightforward computation then gives: 
To calculate it, introduce again the characteristic partitions:
where the integers α j (j = 1, 2, 3) refer to the OPE singularity orders ∼ (z − z j ) −α j due to contractions of B refer to the OPE due to contractions between Bell polynomials at z and ξ, i.e.
4 ) :
where λ(α
4 , β
4 ) are the structure constants that can be computed (see below). The correlator (23) is thus equal to the universal factor due to contractions between the ghost exponents, multiplied by the sum stemming from contractions of the Bell polynomials with themselves and with various exponents, with each term in the sum corresponding to some of the partitions (24) , with the correlator being given by the sum over the partitions. The explicit expressions for the operator products, needed to compute the correlator, are [47] 
and
and the OPE structure constants in (26) are given by [47] λ(n 1 , n 2 ) = 1
Clearly, in our case α β = −1 so one simply has λ(n 1 , n 2 ) = (−1)
With all the above identities it is now straightforward to compute the ghost correlator, with the result given by:
4 +α
[partitions:2(Σs−u)≡2(Σs−4)|β 1 +β 2 +β 3 +β
This concludes the computation of the ghost factor, contributing to the integrand of the 5-point amplitude. Finally, we are left with computing the ψ-factor, given by
This amplitude would be actually the most tedious one to compute for generic spin values, since there seems to be no way to systemize it in terms of sums over partitions of the spin values, as it has been done for the previous correlators. However, assuming that u is the minimal spin value of the operators, it simplifies significantly for the minimal possible 
is the minimal number of the permutations it takes to convert the ordering 
to set the limit w → ∞ and to contract the result with the space-time frame-like higher spin fields (in the integral (9) it is convenient to choose the reference u-points u = 0 in the the both of the homotopy transformations for the integrated vertex operators ). Combining A X , A ψ and A gh factors together, evaluating the integral (34) and contracting with the frame-like space-time fields, we obtain the overall quintic amplitude, given by permutations: 
where (38) and the additional constraint is imposed on the partitions:
stemming from the fact that only w 0 -terms conmtribute to the amplitude, with all others vanishing in the limit w → ∞. This concludes the computation of the five-point amplitude for the localized quintic interaction. In the next section we shall discuss the construction of the quintic higher spin vertex, related to this amplitude.
Reading off the Quintic Vertex
In the previous section we have computed the five-point worldsheet amplitude, related to the double composition of the RG flows of the cubic terms which structure is relatively simple to control. As the structure of the cubic higher spin vertices is determined by the structure constants of the higher spin algebra [44] , [45] and the quintic vertex is cubic in the structure constants, the effect of the cubic terms flows can be expressed by regularizing the poles in s ij -channels present in the amplitude (35)-(37) due to the Euler's gamma-functions and the hypergeometric function where
are the generalized Mandelstam variables. Subtracting the poles resulting from the flows of the cubic vertices using the procedure similar to those explained in [49] , [46] and taking the field theory limit we find the quintic vertex stemming from the β-function of the highest spin field is given by: (1 + i(γ 0 ))!(2 + i(γ 1 ))!
(k 2 + i(β k 2 − 1))! analogue (which vanishes by the ghost/ψ-number constraints). This may bear important important implications for the higher spin holography, as the nonlocality of higher spin vertices versus their local counterparts in the dual CFT's is the well-known puzzle [50] , [51] , [52] , [53] , [54] . Despite the vanishing of the four-point analogue of the amplitude considered in this work, one may still hope to find alternative mechanisms for localization at the quartic level, at least in the AdS space. Our hope is that the string theory may provide efficient and powerful tools to address these issues, as well as to approach the higher orders of higher spin interactions, at least for specific spin values. It is also of interest to find the holographic interpretation of the localization effect, pointed out in our calculations. For that, it is on the other hand necessary to have better understanding of the higher-spin nonlocalities from the string theory side. So far, string theory has been able to account for very limited and simplistic types of higher spin nonlocalities only. For that, the class of V s−1|s−3 -operators considered in this work, may not be sufficient and one may need to find explicit solutions of the operator equations (15)- (16) for the generalized zero torsion constraints. These constraints are generally hard to work with in the formalism of the on-shell (first-quantized) string theory. Alternatively, in the string field theory (SFT) approach the nonlocalities may be naturally encripted in the structure of operators in the cohomologies of the BRST charge shifted by the appropriate analytic solutions in open string field theory [55] . The obvious advantage of this approach is the background independence, which in theory may allow us to penetrate beyond the realm of standard string perturbation theory. Although at this time our understanding of how the analytic solutions work to describe higher spin interaction is still very preliminary and limited, in the end it seems plausible that the language of shifted BRST cohomologies in open string field theory may be the most natural and efficient to understand the nonlocalities in higher spin interactions.
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